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Introduction
Let A be a commutative ring with 1 = 0. We are interested in obtaining a (strong) Gröbner basis of a non-zero ideal I of A[x 1 , . . . , x n ] when A = A 1 × · · · × A m is a direct product of rings and we know how to obtain (strong) Gröbner bases of the projected ideals π i (I) for i = 1, . . . , m. We show that this can be done by 'joining' (strong) Gröbner bases for the π i (I) of A i [x 1 , . . . , x n ]. Thus we can compute a (strong) Gröbner basis for I when we know algorithms for computing a (strong) Gröbner basis for π i (I). As an application, we compute a (strong) Gröbner basis for I when the Chinese Remainder Theorem applies to A and we can compute (strong) Gröbner bases in each factor. We also obtain another proof that strong Gröbner bases exist over a principal ideal ring.
The preliminary Section 2 recalls the necessary background on (strong) Gröbner bases from [1, 3] . Section 3 discusses the join of Gröbner bases while Section 4 describes the strong join of strong Gröbner bases. We conclude with some algorithmic remarks and examples.
Preliminaries

Gröbner bases
We have If f = t∈T f t t ∈ A[x] \ {0} and v = max{t ∈ T : f t = 0} then v is the leading term, f v the leading coefficient and f v v the leading monomial of f , denoted lt(f ), lc(f ) and lm(f ) respectively. We also write lm(S) for {lm( 
Strong Gröbner bases
\{0} is finite, then G is a strong Gröbner basis (SGB) for I = G if and only if for any f ∈ I there is a g ∈ G such that lm(g)| lm(f ), [ 
Recall that an SGB G is called minimal if no proper subset of G is an SGB for G .
The join
The projections
. It is straightforward to check that the induced map π :
, which collects coefficients of like terms, are mutually inverse ring homomorphisms. We relate GB's of
Proof. We can assume that i = 1. Let
Proposition 3.3 Let I be a non-zero ideal of A[x] and G
i ) ≤ lt(f ) for j = 1, . . . , k i and i = 1, . . . , m, so that f ∈ Std(H). The converse follows immediately from Proposition 3.1.
. We obtain a GB for f as follows. The usual isomorphism χ :
and clearly {x + 1} and {x
2 + 2} is a GB for f .
The strong join
First note that G = {3(x + 1), 4x 2 + 2} is not an SGB for G in Example 3.4: x 2 − 3x + 2 = 4x 2 + 2 − 3x(x + 1) ∈ G , but 3 and 4 are not units in Z 6 , so there is no g ∈ G such that lm(g)| lm(x 2 − 3x + 2). We now show how to obtain an SGB in A[x] from SGB's in the A i [x].
Proposition 4.1 If G is a SGB for a non-zero ideal
Proof. We take i = 1. Let G be an SGB and let
There is a g ∈ G such that lm(g)| lm(f ), so π 1 (lm(g))| lm(f 1 ). This means that π 1 (lm(g)) = 0, so π 1 (g) = 0 and π 1 (lm(g)) = lm(π 1 (g)). Since lm(π 1 (g))| lm(f 1 ), and
Proof. Use the fact that in κ(G 1 G 2 ), lt(κ(t 1 g 1 , t 2 g 2 )) = lcm(lt(g 1 ), lt(g 2 )) and that the lcm of leading terms is associative.
For m ≥ 3 we will write κ( Proof. It suffices to prove the result for m = 2, as the general case follows inductively. Assume that G i is an SGB for π i (I) for i = 1, 2. We will prove that for any f ∈ I \ {0} there is a g ∈ κ(G 1 G 2 ) such that lm(g)| lm(f ). For i = 1, 2, put π i (f ) = f i . We consider several cases: 
Theorem 4.4 Let I be a non-zero ideal in A[x] and G
, where t i is as in Definition 4.2, we have lm(g) = (lc(g 1 ), lc(g 2 )) lcm(lt(g 1 ), lt(g 2 )) and so lm(g)| lm(f ).
For the converse, assume that κ(G 1 G 2 ) is an SGB for I and fix i ∈ {0, 1}. Let
Corollary 4.5 If A is a principal ideal ring then any non-zero ideal of A[x]
has an SGB. The SGB computation in each component can be done in parallel and is likely to be faster than computing an SGB over A directly. (The complexity of computing
.) The complexity of computing the strong join in Theorem 4.4 can be improved by
may not be minimal and in general, a further minimisation step will be necessary. We formalise this as follows:
A i and we can compute an SGB over each A i . Output: G, a minimal SGB for F . 
In computing the strong join, we can first compute lm(κ(G 1 · · · G m )) to decide which polynomials will belong to a minimal SGB. Only these polynomials of κ(G 1 · · · G m ) need then be computed in full. 
Appendix
We specialise [3, Algorithm 6.4] to a finite-chain ring for the convenience of the reader. C is the set of polynomials in G whose A-polynomials still have to be computed.
